Long/short ratios like 130/30 are an increasingly common way for the investment management industry to describe portfolios that are released from the long-only constraint. The ratio of a portfolio's long and short positions to net notional value is often the primary description of the strategy, replacing more traditional measures such as active risk.
One of the major innovations in portfolio construction over the last decade has been the adoption of long/short strategies that allow managers to fully exploit the cross-sectional variation in forecasted security returns. Extensions of the Grinold and Kahn (1994) theory of active management by Clarke, de Silva, and Thorley (2002) and others have focused on the role of formal constraints in portfolio construction, particularly the negative impact of the long-only constraint. At the same time, innovations in prime brokerage practices and the acceptance of shorting by institutional fiduciaries has led to a proliferation of long/short strategies and products. Because they are new to many market participants, misconceptions about long/short strategies abound, some of which have been addressed in a recent paper by Jacobs and Levy (2007) . The analytic model developed in this paper will further improve investors' conceptual understanding about the factors that determine the size of the short (and equivalent long) extension in long/short strategies.
The long/short extension model is based on the concept of the expected short weight for individual securities in the benchmark, similar to Sorensen, Hua, and Qian (2006) . We also employ a constant correlation matrix assumption and other modeling techniques of an early analytic treatment of long/short strategies by Jacobs, Levy, and Starer (1998) . This paper describes how the expected short weight for a security depends on the relative size of the security's benchmark weight and the active weight assigned to that security by the portfolio management process. The formal mathematical model and approximations enhance perspectives from previous studies that have depended on time-period specific numerical examples, or insights from simulations. The analytical model we derive shows that the size of the short extension is dependent on a number of security and benchmark parameters, in addition to the tracking error embedded in the portfolio strategy. An analysis of the impact of the various parameters of the model reveals several important concepts in long/short portfolio management.
For example, three of the model parameters: individual security risk, security correlation, and benchmark weight concentration, change over time, suggesting that the exact value of the long/short ratio should be allowed to vary in order to maintain a constant level of active risk.
The derivation of the long/short extension model rests on the assumption of an unconstrained portfolio optimization, and thus gives an upper bound on possible long/short ratios in practice. In the language of the fundamental law of active management, we assume a transfer coefficient of one and thus the maximum possible expected information ratio. As discretionary constraints are imposed the long/short ratio declines from the upper bound suggested by the model, with a corresponding decline in information ratio. As a result, the empirical illustrations using the S&P 500 and other common equity benchmarks in this paper have long/short ratios that are generally higher than applied strategies, where a variety of additional constraints are often employed. Besides being difficult to model mathematically, the incorporation of formal constraints that vary from manager to manager would make our analysis less generic. Within the assumption of an unconstrained optimization process, we also discuss the special case of marketneutral or zero net-long portfolios, and use it to motivate a simple approximation of the general long/short model.
Our goal is to enhance past attempts to analyze the long/short ratio that have relied on
Monte Carlo simulation or numerical optimization using representative data. Such studies by Sorensen, Hua, and Qian (2006) and Clarke, de Silva, and Sapra (2004) allow for consideration of a wider range of implementation issues, including discretionary constraints, but lack the generality of an analytic model. For example, numerical analyses of S&P 500 benchmarked long/short portfolios that are only a few years old may already be outdated due to shifts in key market parameters. We present the intuition for the derivation of the long/short extension model in the first section, with technical details covered in the appendix. The basic model assumes a simplified covariance matrix structure and an unconstrained optimization in the absence of costs.
We then introduce a cost adjustment as well as two approximations of the basic model. In the second section we explore the impact of the various parameters in the model using the S&P 500 benchmark and associated security values from 1967 to 2006. We find, for example, that changes in security risk over time have had a greater impact on the size of the short extension than either benchmark concentration or security correlation. In the third section we apply the short extension model to current (i.e., year-end 2006) parameter values for various domestic and international equity benchmarks to explore how the number of securities and concentration impact the long/short ratio. Our summary and conclusions are in the last section.
The Short Extension Model
The analysis of the short extension in long/short portfolios is based on a decomposition of the security weights in the managed portfolio into benchmark and active weights. Specifically, the portfolio weight for the i th security, w Pi , can be defined as the sum of the security's benchmark weight, w Bi , and active weight, w Ai ,
While the benchmark weight for any given security is set by the market, the active weight is chosen by the manager. A basic tenet of portfolio theory is that the portfolio's expected active return (i.e., benchmark relative alpha) and active risk (i.e., tracking error) are a function of the active security weights, not the benchmark weights.
For optimized portfolios, the set of active security weights is determined by forecasted security returns, the estimated security return covariance matrix, and the targeted level of active portfolio risk. As noted in the Technical Appendix, a closed-form solution exists for optimal active weights in the absence of portfolio constraints. In this paper we assume a simplified covariance matrix where the N security risks are all equal to a single value, σ, and the N (N-1) / 2 pair-wise correlations are all equal to a single value, ρ. As shown in the Technical Appendix, under this simplified covariance matrix the optimal active weights are a scalar multiple, c, of a set of standard normal scores, S i , with 1
where σ A is the targeted level of active portfolio risk.
The zero-mean scores used in Equation 2 suggest that the active weight assigned to any given security can be thought of as a normal random variable, with a mean of zero and standard deviation of c. The multiplier c in Equation 2 shows that the range of active weights around zero increases with the portfolio's targeted active risk, σ A , and decreases with N, the number of securities in the benchmark or investable set. 1 In addition, Equation 2 shows that under the simplified covariance matrix, the range of active weights decreases for higher security risk, σ, and increases with a higher correlation, ρ, between security returns. The dependence of the absolute magnitude of the active weights on these parameters will be instrumental to understanding the implications of parameter changes on the amount of shorting in the optimized portfolio.
Having described the active security weights, we turn our attention to the benchmark weights, w Bi, in Equation 1. By definition, the N benchmark weights are individually positive and sum to one. For standard capitalization-weighted benchmarks, the distribution of weights is also fairly concentrated; a few securities have large weights while many other securities have relatively small weights. When market-capitalization benchmark weights are sorted in descending order they generally decline in a geometric fashion, with the smallest benchmark weights approaching zero, as shown in Figure 1 for N = 500. We later formalize the assumption of a perfect geometric decline in benchmark weights, but for now simply focus on the intuition provided by sorting the benchmark weights from largest to smallest. Consider a single large benchmark-weight security towards the left-hand side of Figure 1 , and the N possible active weights that might "randomly" be assigned to it by the manager's forecasting process. For a large benchmark-weight security, the probability that the assigned active weight is negative and large enough to lead to a negative total weight, or short position, is relatively low. On the other hand, for a small benchmark weight security towards the right-hand side of Figure 1 , the probability of shorting is higher, approaching 1/2 for benchmark weights of zero. Similarly, the magnitude (as opposed to just the probability) of shorting depends on the relative magnitudes of the benchmark and active weights.
We now describe the concept of an "expected short weight" for each security based on a benchmark weight and a randomly assigned active weight. While much of the derivation that 1 We generally refer to the N securities in the benchmark portfolio (e.g., N = 500 for the S&P 500 benchmark) but if the investor's universe is larger than the benchmark, and non-benchmark securities are given weights of zero, then N can refer to the number of securities in the investable set.
follows is relegated to the Technical Appendix, we include the initial steps in the body of the paper to emphasize how expected shorting depends on the relative magnitudes of the benchmark and active weights. Using probability theory, a security's expected short weight is the expected value of the total weight, w Pi , conditional on it being negative, times the probability of being negative,
Using Equations 1 and 2, the probability of the total security weight being negative is the same as the probability that the z-score assigned to the security is negative enough to offset the benchmark weight divided by the scaling factor, c. In other words
As described in the Technical Appendix, applying well-known standard normal probability functions gives the final result for a security's expected short weight as
where Φ( ) is standard normal cumulative density function, and φ( ) is the standard normal density function. For ease of interpretation, the implicit short-sell induced negative sign in Equation 5 has been dropped so that larger positive values indicate more shorting. As illustrated in Figure 1 , the expected short weight in Equation 5 is close to zero for large benchmark-weight securities, and asymptotically approaches a maximum value of
for small benchmark-weight securities. Note that Equation 6 is not the largest possible short position; simply the average or expected short position for a zero benchmark weight security given all of the active weights that might be assigned to it by the manager's forecasting process. The expected amount of shorting in the entire portfolio (e.g., the 30% implicit in a "130/30 portfolio") is the summation of Equation 5 across all N securities; . 2 The horizontal axis in Figure 1 is the security rank when sorted in declining benchmark weight order. The vertical axis shows individual security weights, both the benchmark weights and expected short weights. The expected short extension for the portfolio is the area above the curve of expected short weights and below the horizontal axis, labeled "Short
Extension." The long/short ratio depends on the size of this area compared to the area below the curve of benchmark weights and above the horizontal axis, which is exactly one (100 percent) by definition for any benchmark size or concentration. The geometry of Figure 1 can be used to illustrate how the long/short ratio will change with changes in the underlying parameter values.
For example, if the benchmark becomes more concentrated in a few large securities, the curve of benchmark weights becomes steeper (while still enclosing an area of 100 percent) and the curve of expected short weight shifts to the left, increasing the area enclosed below the horizontal axis.
Alternatively, an increase in the level of active risk does not affect the benchmark weights, but does increase the height of the short extension area, resulting in an increase in the long/short ratio.
The basic model of the short extension has at least one special case worth mentioning before we proceed with an analysis of costs. The focus of this paper is the short extension in fully invested portfolios, i.e., portfolios where the short weights are matched by long weights in excess of 100 percent of the portfolio's notional value. In market-neutral portfolios where the benchmark weight is zero by definition for all securities, Equation 7 becomes
Equation 8 
which is completely closed-form (i.e., no probability functions or summations). The geometric interpretation of Equation 9 in Figure 1 is a rectangle of length N -N E which approximates the irregularly shaped "Expected short weight" area. While simple and intuitive, Equation 9 is only a good approximation of the amount of shorting for low to moderate values of the N E /N ratio. In the Technical Appendix, we derive a more robust approximation of the basic model in Equation 7 using the idea of an average benchmark security. The more robust approximation for the portfolio expected short extension is
is the rank of the "average" security.
The basic model for the expected level of shorting in long/short portfolios has been derived without consideration for costs or discretionary constraints. Although the constraints applied to long/short portfolios are subject to managerial discretion, the costs associated with portfolio short extensions are dictated by market conditions, and can substantially reduce the optimal level of shorting. We next introduce a simple adjustment to the no-cost expected shorting model in Equation 7 that produces levels closer to those seen in practice. Costs, as well as constraints, distort the mathematics employed to model optimal active weights. Portfolio optimization problems under costs or constraints are mathematically intractable, and solutions generally require numerical optimization.
While optimal active weights under costs are difficult to model, we can determine the general level of expected shorting using a marginal benefit equals marginal cost argument from the objective function. Using this approach, the Technical Appendix shows that the expected short extension with costs is a function of the previously derived zero-cost short extension.
Calculating S 0 using the basic model in Equation 7 (or one of the approximations in Equations 9 or 10) the expected short extension with costs is
where IC is the manager's information coefficient, and B and T are cost parameters defined below. The information coefficient is the expected cross-sectional correlation between forecasted and realized security alphas, and is a commonly used measure of forecasting accuracy. The IC becomes relevant under costs because higher confidence in security return forecasts entices the investor to incur costs to achieve a greater expected active return, as described in the fundamental law of active management (Grinold and Kahn, 1994) . Indeed, the denominator of the second term in Equation 11 is simply the expected active portfolio return before costs, E(R A ), as specified in the fundamental law equation.
Cost as a percent of the dollar amount of shorting comes in two forms. First, B is the borrowing cost, or "haircut" difference between the interest rate paid to leverage long positions and the rate earned on short-sell proceeds. Borrowing costs vary with the difficulty the prime broker has in finding shares to lend out, but for S&P 500 securities B can be roughly approximated as 50 basis points. In addition to the explicit borrowing costs, portfolio short extensions together with the counter-balancing long-extension drive up the general cost of managing a portfolio. We make the simplifying but reasonable assumption that general operating costs increase linearly with leverage. For example, for any given level of transaction costs and turnover, a 130/30 strategy has approximately 160 percent of the operating cost of an equivalent long-only strategy. We use the notation T for the operating cost for an equivalent long-only strategy, which can vary widely depending on turnover, transaction costs, and other operational considerations. For S&P 500 benchmarked portfolios with 100 percent turnover per year and 40 basis points of round-trip transaction costs, the value of T would be about 40 basis points. The T in Equation 11 is multiplied by 2 because the incremental costs associated with the short extension must be counter-balanced with an equivalent long extension. Thus, increases in the level of shorting have a total incremental costs of 50 + 2(40) = 130 basis points. Note that we only use 130 basis points as a rough estimate of costs in the numerical examples of this study; our objective is not to precisely estimate the costs of shorting, but to model how costs reduce the expected short extension.
The information coefficient, IC, measures a portfolio manger's self-assessed accuracy in forecasting security returns, and as such is easily overstated, as explained in Grinold and Kahn (1994) . In practice, IC is used by quantitative managers to properly scale the security alphas supplied to a numerical optimizer. Appropriate IC values for modeling purposes should be calibrated in conjunction with the number of securities using the fundamental law relationship IR = IC N , where IR is the information ratio, defined as expected active return, E(R A ), over active risk, σ A . Grinold and Kahn (1994) argue that an IR = 0.50 is "good", and designate an IR = 0.75 as "very good" and an IR = 1.00 as "exceptional." This framework is also adopted in Goodwin's (1998) review of uses and interpretations of the information ratio. For the base case,
we use an active risk of σ A = 4.0 percent and choose IR = 0.75, so that IC = 0.034 when N = 500.
Under the cost assumption of B +2T = 1.3%, Equation 11 indicates that expected short extension with costs is E(S) = S 0 (1 -.013/(0.75*0.04)) = S 0 (0.57), or about 57% of the zero-cost model.
We note that tests using a commercial optimizer with cost functionality generally confirm
Equation 11 for S&P 500 portfolios.
In practice, managers apply a wide variety of discretionary portfolio constraints which may impact the level of shorting. For example, managers may explicitly constrain shorting with the understanding that moderate restrictions have only a minor impact on the expected active portfolio return, as measured by the transfer coefficient (see Clarke, de Silva, and Sapra (2004) ).
Other common constraints, such as limits to individual active weights or style and sector neutrality constraints may indirectly reduce portfolio shorting. We do not consider constraints beyond the requisite budget and active risk restrictions, in order to keep the analysis as generic as possible. Because we model unconstrained portfolios, the expected short extension numbers in this paper are higher than many applied strategies where additional constraints are employed.
Model Parameters and Implications: Illustration using Historical S&P 500 Data
In this section we explore the impact of the various parameters identified in the short 50% 1967 1968 1969 1970 1971 1972 1973 1974 1975 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 4 Note that an increase in security risk, σ, increases the magnitude of security alphas under the Grinold (1994) prescription, but the optimization process that translates security alphas into optimal active weights effectively divides by σ 2 so that the net effect is a decrease in the size of active weights.
For example, the dramatic increase in security risk beginning in 1998 leads to a drop in the unconstrained expected short extension from about 70 percent to 40 percent (i.e., a 140/40 portfolio) by the year 2000, followed by a rise in expected shorting as individual security risk reverts back to long-term norms. 50 1967 1968 1969 1970 1971 1972 1973 1974 1975 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 90% 1967 1968 1969 1970 1971 1972 1973 1974 1975 1976 1977 1978 1979 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 1997 1998 1999 The substantial changes in the general level of shorting based on a manager-specific parameter like information coefficient illustrates that the value of the analytic model is in identifying relevant parameters, direction of impact, and observed variation in value, not necessarily specifying the exact level. Discretionary constraints, a lower assumed information coefficient, and higher costs, all reduce the desirable level of shorting for a given strategy. One major implication of our analysis is that because relevant market parameters change over time, managers should allow the short extension to vary with market conditions even though the targeted level of active risk is held constant.
Model Parameters and Implications: Illustration using Other Benchmarks
In the prior examples we focused on long/short strategies based on the S&P 500 benchmark to illustrate the impact of the security risk, security correlation, and benchmark concentration parameters on the size of the long/short extension. The analytic model is equally applicable to other equity benchmarks, and is much higher than the other benchmarks, approaching the concentration profile of an equallyweighted benchmark. Table 2 Equity Benchmarks and Expected Short Extension Table 2 provides calculations of the expected short extension using the parameter values in Table 1 . For purposes of direct comparison, we use the S&P 500-based cost estimate of 1.3%
for all benchmarks, although the borrowing and transaction costs will likely vary for different benchmarks. We also use a constant information ratio of 0.75 across benchmarks which leads to different information coefficients for each benchmark according to the fundamental law relationship IR = IC N . The first column in Table 2 shows the expected short extension for each benchmark at a relatively low active risk target of 3 percent, using the general model in . By comparing the second and third columns of Table 2 , we find that the simple approximation in Equation 9 provides a reasonably accurate estimate of the general model for most of the benchmarks (e.g., 56 percent compared to 58 percent for the S&P 500). The one instance of poor accuracy for the simple approximation is the Russell 2000, with a value of 36 percent from Equation 9 compared to 76 percent for the general model in Equation 7. As mentioned previously, the simple approximation in Equation 9 is not robust to the entire range of possible benchmark concentrations, and we recommend using the more robust approximation in Equation 10 which gives an estimate of 72 percent, closer to the 76 percent result for the general model.
Summary and Conclusions
We have developed a mathematical model to analyze the parameters that impact the long/short ratio in unconstrained portfolios, and illustrated the relationships using historical examples of S&P 500 benchmarked portfolios as well as current examples for a variety of other equity benchmarks. The analytic model of the short extension is based on simplifying assumptions about the structure of the security covariance matrix used to optimize the active portfolio, as well as the concentration profile of the benchmark. Under these simplifying assumptions we are able to derive equations that specify the expected size of the short extension for long/short portfolios in the absence of constraints. While practitioners use live data, numerical optimizers, and a variety of constraints in actual application, the analytic model allows for a better understanding of the factors that impact the size of the short extension. For example, the mathematical model can provide important insights as investors adopt long/short strategies to a wider variety of equity benchmarks.
The mathematical model captures two parameters which are intuitively important in determining the size of the short extension: the short extension increases with the active risk of the strategy and decreases with the cost of shorting. In addition, the model identifies the role of three market parameters that change over time: security risk, security correlation, and the concentration of the benchmark as measured by Effective N. The unconstrained expected short extension decreases with security risk, increases with security correlation, and increases with benchmark concentration as measured by low values of Effective N. In addition to identifying the relevant parameters, the derivation of the model based on benchmark and active weights helps in understanding why these parameters influence the amount of shorting. Of the three market parameters, the application of the model to S&P 500 data indicates that changes in security risk have historically been the most important.
When costs are considered, the analytic model also includes the assumed accuracy of the security return forecasting process as measured by the information coefficient. An increase in the ex-ante IC allows the manager to be more confident about the ability to offset the increased costs of shorting. Finally, the role of the number of securities in the benchmark is illustrated as we apply the analytic model to a variety of domestic and international benchmarks. A long/short strategy for a benchmark with more securities results in a larger short extension, all else equal.
Even under the simplifying assumptions that allow for mathematical tractability, the basic model requires computationally intensive probability function references summed over the investable set of securities. We therefore provide a simple closed-form approximation that illustrates the intuition for the role of each parameter in the model, as well as a more robust approximation that retains its accuracy over a wide range of portfolio concentration values.
Technical Appendix
Optimal active security weights and the fundamental law
The objective in an active (as opposed to total) mean-variance portfolio optimization is to maximize the portfolio's expected active return under the budget constraint that the active weights sum to zero and that active risk (i.e., tracking error) is less than or equal to some value σ A . The formal description of the optimization problem is 2 MAX ( ) subject to 1 0 and
where α is an Nx1 vector of forecasted security returns, w A is an Nx1 vector of active security weights, 1 is a Nx1 vectors of ones, and Ω is an NxN security return covariance matrix. The general solution to this optimization problem gives an active weight vector of
We employ the "full covariance matrix" version of Grinold's (1994) 
where IC (ex-ante information coefficient) is a scalar parameter, and S is an Nx1 vector of standard normal scores. 6 The substitution of Equation A3 into A2 gives the optimal active weight vector in terms of security scores;
6 See Clarke, de Silva, and Thorley (2006) for a discussion of full covariance matrix fundamental law mathematics, including the use of the matrix square root function. While the derivation is more complicated, we note that the results of this paper also hold for the original scalar version of Grinold's (1994) alpha generation process,
, under the maintained assumption of equal pair-wise correlation coefficients for all securities.
The vector of optimal active weights in Equation A4 times the security alpha vector in Equation   A3 gives an expected active portfolio return of
which is known as the "fundamental law" of active management (Grinold and Kahn, 1994) .
A simplified two-parameter covariance matrix
We assume a two-parameter security return covariance matrix where all the variances are equal to a single value σ 2 and all the pair-wise correlation coefficients are equal to a single value ρ. In matrix notation, this is the assertion that
where I , and the definitional equation
Normal probability functions in the short extension model 
The first term of Equation A10 represents the contribution to portfolio shorting from nonbenchmark securities, while the second term is the contribution from securities contained in the benchmark.
Market-neutral special case and the simple approximation An important special case of the basic long/short model is a market-neutral portfolio where the benchmark weights are all zero. Using Equation 6 and substituting w Bi = 0 for all i in
Equation 7 gives Equation 8 in the body of the paper. The expected short weight of zerobenchmark-weight securities also motivates the simple approximation in Equation 9 of the paper.
For a hypothetical benchmark with equal weights on the first N E securities, and zero on the other N -N E , the shape of the "Benchmark weights" curve in Figure 1 becomes a step function. The "Short Extension" area is a rectangle under the assumption that the benchmark weights on the first N E securities are large enough that their expected short weights can be ignored. The height of the rectangle is the expected short weight for zero benchmark weight securities, as given in
, and the length of the rectangle is the number of zero benchmark weight securities, N -N E . We note that ignoring the potential shorting of the first N E securities for large N E to N ratio benchmarks (i.e., the Russell 2000) can substantially understate expected portfolio shorting using
Equation 9, and in these cases suggest using the more robust approximation in Equation 10. 
The restriction that the benchmark weights sum to one, and the well-known finite geometric sum formula give a solution for w B0 in Equation A11 , and the benchmark weight for security i is
One measure of concentration used in economics is the Herfindahl Index, which in a security portfolio context is the sum of the benchmark weights squared. Effective N is the inverse of the Herfindahl Index; 
subject to the same two conditions as Equation A1; i.e., a budget constraint and a limit on the portfolio active risk. As explained in the body of the paper, B represents "borrowing" costs and T is general portfolio operating costs as determined by turnover and transaction costs. Even without an analytic solution to the active weights specified by Equation A22, we know that the expected short extension will be adjusted until the marginal value of additional shorting equals the marginal cost. In other words, a first-order equilibrium condition for the optimal solution is that the change in expected active return with respect to the level of shorting is equal to the cost of shorting,
While the exact functional relationship between expected active return and expected shorting is unknown, we know a particular point on the function, the zero-cost optimal portfolio return and shorting, and we know this point is a maximum. The zero-cost expected active portfolio return is 
where D is the rate of change of the slope (i.e., the second derivative). A natural assumption that properly scales the parabola is that , to arrive at Equation 11 in the body of the paper.
